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Abstract 

An explicit description of a multidimensional Stokes phenomenon for 
a Gelfand-Kapranov-Zelevinsky system associated with a lattice of rank 
one is given. 


1 Introduction 

A keystone in the analytic theory of differential equations is a construction 
called the Riemann-Hilbert correspondence. It is correspondence between sys¬ 
tems of linear differential equations and monodromy data, which characterize a 
behaviour of solutions of the system near singular points of the system. The con¬ 
struction of the monodromy data differs in the case of a regular singular point 
and in the case of an irregular singular point. In the case of the irregular point 
the monodromy is not enough to describe uniquely the behaviour os solutions, 
it is necessary to add Stokes matrices, that describe the Stokes phenomenon in 
the irregular singular point (see Section [2]) ■ 

In the multidimensional analog of this theory one consider an integrable 
in the Frobenious sense connection in holomorphic vector bundles. Locally 
they are presented as partial differential equations of special type - pfafhan 
systems. Also one considers even more general object - holonomic D-modules. 
The construction of generalized monodromy data on this language in dimension 
1 is given in Section 0 

As in dimension 1 one considers the regular and irregular cases. The con¬ 
struction of the Riemann-Hilbert correspondence in the regular case is straight¬ 
forward, but the construction in the irregular case is much more difficult. Some 
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important elements of this construction go back to [T] , intermediate results were 
obtained in EL 0, 0, 0, the final construction was given in 0 (see also [7], 
where the systematic explanation is given). This construction is shortly given 
in Section 01 

Even in dimension one not so many examples of explicit description of the 
Stokes phenomenon in the irregular case are known. Despite some artificial 
examples (see (HI) one can list the Jordan-Pochgammer equation [9], a parabolic 
cylinder equation, an equation for the Eiri functions M, an equation for the 
generalized hypergeometric functions, associated with a series F PtQ EH- These 
hypergeometric functions, equation for them, the Stokes phenomenon for this 
equation is described in Section [5] 

Mention that in dimension greater that one there appears a new phenomenon. 
To construct a Riemann-Hilbert correspondence one has to consider only system 
that have good formal decomposition. Also only for these system there exists a 
description of generalized monodromy data analogous to one-dimensional case. 

At the same time there are no examples of explicit description of Stokes 
phenomenon in the multidimensional case. In the present paper we give such a 
description for an irregular Gelfand-Kapranov-Zelevinsky (GKZ for short) sys¬ 
tem (see nsi). associated with a lattice of rank 1 (see Section^. The solutions of 
such system can be expressed through the generalized hypergeometric functions 
of one argument associated with the series F p ^ q . 

Using this relation we manage to describe completely the local Riemann- 
Hilbert correspondence for the GKZ system. This description is the main result 
of the paper, see Section [Tl] In Section [Till a local Riemann-Hilbert functor is 
defined, in Section DU we compute the value of this functor for the considered 
GKZ system. 

Note that there are not so many papers in which irregular GKZ system is 
considered. Mention only the papers im [18] . where an irregularity sheaf of 
some GKZ system(a sheaf, which as multidimensional generalization of a Katz 
index in the case of dimension 1). 

2 The Stokes phenomenon in dimension 1 

Let us explain what is the Stokes phenomenon in the case of ordinary differential 
equations, let us define new objects are added to the monodromy (see m, m) 

2.1 An approach based on formal normalization 

Let us be given a system 
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A{x)y . 


(i) 


dy_ 

dx 

where y = (z/i, y n ) 4 is a column-vector and A(x) is an n x n-matrix. 

Definition 1. A point x = 0 is an irregular singular point of the system ©, if 
0 is a singularity of the matrix A(x), and there exists a solution of (|TJ) , which 
has an exponential growth in 0. 

A necessary condition for irregularity of the singularity x = 0 is the existence 
of a pole of A(x) in zero of order greater then 1. Let us write 

OO 

A (x) = ( ^2 A k+ix k )y 

k=—r —1 

However the order of the pole r + 1 can be changed under gauge transfor¬ 
mations (i.e. linear transformations y(z) <—> B(z)y{z)). Suggest that applying 
a gauge transformation we made r as minimal as possible. Let the matrix A_ r 
have different eigenvalues aii, ...,a n . Then one says that z = 0 is an unramified 
irregular singular point. 

Let zero be an unramified irregular singular point. Let P be a transformation 
that generalizes A_ r : 

P _1 A_ r P = A_ r := diag{a i,..., a n ). 

There exist the following theorem called the theorem about formal normal¬ 
ization. 

Theorem 1. The equation © in a neighborhood of an unramified irregular 
singular point has a unique formal fundamental solution of type 

00 A A 

Y = P(V^ YkX k )exp( - -x~ r + ... H- ^xT 1 + A olnx), (2) 

z ' —r —1 

k =0 

where matrices A i are diagonal, Yq = I and Yk% k is a formal power 

series. 

In other words, the equation © has a formal fundamental solution of type 

©. 

Also there exists a theorem about analytic sectorial normalization . To give 
it’s formulation let us define Stokes lines li,j. i,j = 1 ,...,n by formula 

r a i ~ a i 27rfc. 

Li j = \x : arg ---I-1, k = 0,?—1. 

r r 

Also Stokes lines can be defined as follows. Put A(x) = x~ r + ... + 
4fy- x~ x = diag(Ai(x), ...,A n (x)). To the angle tp there corresponds a ray that 
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goes from 0 in the direction 0 ip. We say that Aj(x) <g A j(x), if e Ai ^~ A A x ) 
has a power-like growth if one approaches to 0 in the direction ip. Then Stokes 
directions for a pair i.j are such directions that one has neither A i(x) <g A j(x), 
nor A j(x) <e Aj(x). 

Let us definea Stokes sector S as a maximal sector S = {x : 0± < argx < 62 }, 
such that it does not contain two Stokes lines for any pair i. j. 

Theorem 2. Inside a Stokes sector S there exists an analytic fundamental 
solution Ys that has the formal solution © as an asymptotic expansion. 

However if one passes from one sector to another the analytic transformation 
P changes. This surprising fact is called the Stokes phenomenon. 

Definition 2. Let the us be given the Stokes sectors ,S'i and S 2 which have 
nonempty intersection. A Stokes matrix is defined by formula 

St i,2 = Y Sl Y^ (3) 

Definition 3. In the case of an unramified irregular singular point we define it’s 
generalized monodromy data as a collection of a monodromy matrix, a collection 
of Stokes sectors and Stokes matrices. 

In the case of ramified singular point one must find a new variable t instead 
of x , such that they are related by formula 

t d = x, , d G Z+, (4) 

and such that the point t = 0 becomes an unramified singular rpoint. 

2.2 An approach based on the Levelett-Hukuhara-Turrittin 
decomposition 

Another approach to the definition of Stokes matrices uses instead of formal 
normalization the Levelett-Hukuhara-Turrittin decomposition. 

Theorem 3. Let x = 0 be an uramified irregular singular point. There exists 
a formal transformation y{x) 1 —> P{x)y{x), such that the matrix A(x) is trans¬ 
formed to block-diagonal diag(Ai(x ),..., A p (x)), where the blocks are of type 
Aj(x) = diag(Aj i(x ),..., Aj <mj (x)), where the block Aj^{x) is a Jordan cell 
with the eigenvalue A j(x). 

In a Stokes sector S there exists an analytic transformation P$ (x) asymptotic 
to P(x). Then the Stokes matrices are defined by formulas analogous to ©, as a 
relation of two analytic transformations that do the Levelett-Hukuhara-Turittin 
decomposition in two Stokes sectors. 
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3 The Stokes phenomenon on the language of T>- 
modules in dimension 1 

Sometimes it is convenient to consider instead of linear differential equations 
holonomic ©-modules (see [7]). 

3.1 !D-modules 

To the system of differential equations m there corresponds a connection in a 
trivial bundle that is defined by formula 

V = d — A(x). 

To this bundle with a connection there corresponds a sheaf M of ©-module 
formed by sections of the bundle, the operator acts as V. 

Let n be a de Rham complex, define the de Rham functor 

DR(M) = M <g) fl- 

Then 

L = tK°(DR(M)) 

is a sheaf of solutions of the system ([[]), and H°(DR(M)) = T(H°, 3~C°(DR(M)) 
a space of solutions of this system. 

An arbitrary holonomic ©-module on a space X being restricted to a dense 
open subset is isomorphic to a ©-module of sections of bundle with a connection 
(see definition of the holonomicity in m)- 

3.2 A blowup X of a disk in zero and sheaves of holomor- 
phic functions on it 

Let X be a small disk with a center in zero, denote as X a real blowup of X in 
zero, also denote as dX = S 1 a boundary circle of this blowup. Let 

uj-.X^X 

be a natural projection, hence dX = w -1 (0). Put 

X* := X \ {0}, 

note that from one hand X* C X and from the other hand X* C X. 

Define a sheaf A of holomorphic functions on X, and sheaves A mod and 
A rd of holomorphic functions on X* that have moderate growth of random 
decay when one approaches to k dX. Define the sheaf e ip A rnod of holomorphic 
functions, that grow not faster then e v when one approaches to dX. 
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3.2.1 The sheaf of holomorphic functions 

Defined the operator 8 on Coo(X). Take polar coordinates r,<p. In these coor¬ 
dinates 


8 = !j(rd r + id v ). 

Using this formula one can define the action of 8 on C 00 (X) and a sheaf A 
of holomorphic functions on X: 


A := Kerd. (5) 

3.2.2 Sheaves of functions of moderate growth and of random decay 
on X 

Let us define the sheaves A mod and A rd of functions of moderate growth and of 
random decay on X. 

The first sheaf is defined as follows. For every open subset U C X a section 
/ of the sheaf A mod is a holomorphic function on U* = U fl X* , such that for 
every compact subset K C U, such that in it’s neighborhood D is defined by 
function gx 6 Ox(K), for some C > 0, N > 0 (that depend on K) one has 

I/I < C K \ 9 k\~ N k . 

The sheaf A rd is defined analogously but one claims that for every and N 
and every K there exists C > 0, such that 

|/| < C k ,n\9k\ N ■ 


3.2.3 The sheaf e^A mod 

Define a sheaf e v A m °d of functions of exponential growth not faster than ip, 
where <p e r(U,0(X*)). 

It’s restriction onto the direction 6 is defined by equality 

( e v A mod )e = e^A^ od , 

where pg and A™ od is a restriction of the section and of the sheaf onto the ray 
the starts from zero in the direction 6 . Note that this sheaf depends only on 
the class of <p in Ox * \ Ov- 
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3.3 ^-filtration in dimension 1 

The information carried by the generalized monodromy data and the change of 
variables that the removes the ramification is carried by a filtration on the 
sheaf L. Let us define it. 

Let IP be a ring of singular parts of Loran expansions in zero (i.e. the ring 
of polynomials in 4 without constant). Denote as 3d a locally constant sheaf 
on S 1 with a stalk 7 a the monodromy p{x) i —y p(e 2m / d x) corresponding to a 
bypass around the circle. Thus a section p can be identified with a polynomial 
in -^= without constant. This identification defines an embedding 3d C 3d', in 
the case when d divides d'. 

Put 


3:=\j3d (6) 

Define an order on the stalks of this sheaf. Let 9 £ S 1 , we say that p <g ip, 
if has a power-like growth in the direction 9. 

We define a 3-filtration of the sheaf L over S' 1 a family of subsheaves £>< v 

in L indexed by ip € 7, such that for a direction 9 in the case p <g ip one has 

an inclusion of restrictions L< V: o C 

3.4 A filtration on the sheaf of solution 

In [7] the following filtration on DR(M) is defined: 

DR< V (M) ■= DR(e tp A mod ® M). (7) 

In other words DR< V (M) is a subsheaf in DR(M), such that it’s stalk over 
the direction 9 is formed by solutions that grow in this direction not faster then 
e v when one approaches to zero. 

This filtration induces a filtration on the sheaf of solutions L: 


£< v = 7C°(DR< V (M)). (8) 

In other words is a subsheaf in DR(M), such that it’s stalk over the 
direction p is formed by solutions that grow in this direction not faster then 
when one approaches to zero. 

This filtration is graded with a finite set of exponential factors. The set of 
exponential factors is a set = {ci,..., c g } of elements of 7 such that 

^ ^ , (9) 

i> 
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where gr^L is a locally constant sheaf and /?-,/,<is an functor which restricts 
a sheaf 23 to the subspace {9 : p <g ip} and expands it to S 1 \ {9 : p <g ip} by 
zero. 

3.5 The Levelett-Turittin decomposition 

The set of exponential factors can be found using an analog for D-modules of 
the theorem [3] 

Let 0 be a ring of formal power series in zero on X, let E v be a D-module 
of sections of a linear bundle with a connection d + dip, where p is a section 3- 

Theorem 4. There exists an isomorphism 

M ® 0 0 ~ © E V ® 0 R V , ( 10 ) 

where R v is a T)-module of sections of a bundle with a connection with only 
regular singularities and $ is a finite set of section of 3- 

3.6 A correspondence between filtrations and Stokes lines, 
sectors and matrices in dimension 1 

Let us show how one can reconstruct Stokes lines, sectors and matrices from the 
filtration. 

Stokes lines are those directions 9 for which some two exponential factors 
Pi, Pj £ $ are incomparable. The sectors are defined as earlier. 

It is important that on the Stoke sector the sheaves (d v <,pgr,pL are constant. 
The Stokes matrices are defined as matrices connecting two filtration 
in two sectors. Let I\, I 2 be two Stokes sectors and let 9 £ I\ fl R- 

Consider the spaces L\ = T(/i,£) and L2 = T(/2,£) and also Iff = 
T(/i, gr^L) 11 Z /2 = r(/ 2 , 5 ryX). The filtration © defines decompositions of 
these spaces into direct sums 

L\ = L 2 = ®i/,£4>L2 ■ 

Also since the sheaves fd^<^,grp,L are constant on I\ and J 2 one has isomor¬ 
phisms 


a\ : L\ — ¥ dig, , a 2 : L2 ~^ dig, 
the the Stokes matrix is reconstructed as follows 


S = a 2 1 a\. 


4 The Stokes phenomenon in dimension > 1 


To describe the Stokes phenomenon and the Riemann-Hilbert correspondence 
in dimension greater then 1 the language of holonomic ©-modules is used. A 
©-module is called regular if it’s restriction on every curve is a one-dimensional 
regular ©-module, otherwise it is called irregular. 


4.1 Pre-Stokes filtration 

To describe the Stokes phenomenon one uses filtration. Let Y - be a topological 
space and let 3 be a sheaf of ordered abelian groups on it. Denote as 3 et the 
etale space of the sheaf 3, introduce a notation 

H :3 et ^Y ( 11 ) 


for a projection onto the base Y. Consider the diagram 
Pi 

3 et x 3 et -» 3 et 


P 2 

3 et 





Y 


Let ( 3 et x 3 et )< be a subsheaf formed by sections over one point 

x for which <p(x) < ip{x). Denote as /?< a functor from the category of sheave 
on 3 et x 3 et to itself that restricts a sheaf T onto (3 et x 3 et )<, and then continues 
it by zero on the rest part of 3 et x 3 et ■ 


Definition 4. Define a pre-3 filtration as a sheaf T< on the space 3 et together 
with a morphism /3< (p^ 1 T<) —>• p^J^. 


Let us explain this definition. One has an isomorphism of stalks 


(Pi — (^<)y(x)) ip 2 ^<)(¥ , (*),V'(*)) — 

Thus if for a pair ov sections one has <p(x) < ip(x), then we have a homo¬ 
morphism 


Denote a stalk of s pre-3 filtration over a section <p(x) as T<^( x ). 

4.2 The space X 

Let us be given a ©-module on the space X with a singular divisor D = k\D\ + 
... + kpD p , which has only normal crossings. 
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To describe the Stokes phenomenon we need a space X , which is a real blow¬ 
up along the divisor D. Explicitly the space X can be described as follows: 

p 

A = 0S 1 L(A), (12) 

i =1 

where L(A) - is a linear bundle, associated with the divisor A and S 1 L(Di) 
are spherical bundles associated with L(A)- 
As before denote as 

lj-.X^X 

the natural projection. Also introduce a notation 

dX := ui~ 1 (D). 


As before put 


Let 


X* = X\D. 


j:8X*^X, j:X*^X, (13) 

also let 

i:D^X, l:dX^X (14) 

be natural embeddings. 

Analogously to the one-dimensional case one defines a sheaf J\ mod of moder¬ 
ate growth and a sheaf A rd of functions of random decay but now these sheaves 
are restricted to dX. 


4.3 The sheaf d 

Let us give a construction of a sheaf 3 on the space Y = dX. To describe the 
Stokes phenomenon we use a 3-filtration defined in Section 14.11 

Let D = fciA + ... + kpD p - be a decomposition of D into irreducible 
components, introduce a notation d = (di, ...,d p ) G ZA Change if necessary X 
to a sufficiently small neighborhood of D, then one can suggest that there exists 
a d- covering 

P d '■ X ( j —> X 

along D (that is along A this is a ^-covering), and also its lifting 

P d '■ Xd —> X. 


Let 


Wd : pd —> Xd 
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be a natural projection. Thus we have a diagram 
Pd 

x d -* X 


u d 


* 


X d 


Pd 


OJ 


X 


The sheaf 3 is defined as follows. 
Put 


3 d = p d ,*(^ d ,*Ox d (*D)) nj* Ox*- (15) 

This formula means the following, 0 x d (*D) is a sheaf of meromorphic func¬ 
tions on X d with singularity on D, the sheaf ui d ,*Ox d (*D) is it’s lifting onto 
X d . When one applies p d and takes an intersection with _)* Ox* one obtains 
a sheaf of meromorphic functions in variables ..., d ^/x^,x p + 1 , ...,x n on X 

with singularity on dX. 

Now put 

3d := 3d/3d n C j*0(*D)) lb , ( 16 ) 

where (j* 0x*) lb is a sheaf of locally bounded near D sections of the sheaf 
j*Ox*. Note that if a meromorphic function on X is bounded along some 
direction starting on D, then it is holomorphic on X. 

Put 


3:=i)3d, 3:=\J 3d- (17) 

d d 

To define an order on the stalks of these sheaves it is sufficient to define 
which section are less than zero. A subsheaf formed by these sections we denote 
as 3<o, put 


3< 0 = 3n logA modD , (18) 

where locjA modD is a sheaf of logarithmic growth at dX. This order defines 
an order on 3- 

Note that 3i = w -1 (0 x(*D) \ Ox)- 

4.4 Good families of exponential factors 

A principle new phenomenon that occurs in the multidimensional case is an 
existence of a good formal decomposition. In the one-dimensional case such 
a decomposition exists automatically. The existence of such decompositions is 
principle in the construction of Riemann-Hilbert correspondence. Also, only for 
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systems with such a decomposition one can construct multidimensional analogs 
of Stokes lines, sectors and matrices. In this section we define the property of 
goodness and in the next Section we define a good formal decomposition. 

Let us be given x £ X and as before let D = k\D\ + ... + k p D p be a divisor 
with normal crossings. Let x £ ,..., , x (j D \,..., D ^,..., ,..., Di p . 

Without less of generality one can suggest that x £ D i,..., Di, x ^ A+i, • ••, D p . 

Consider first an unramified case. Choose coordinates in a neighbourhood 
of x , such that this point has zero coordinated and D,: = {xi = 0 }, i = 1 , 1. 

Definition 5. A germ 77 £ Ox(*D) \ Ox is called monomial , if modulo O.y one 
has an equality 

77 = xf mi ...xf m ‘u(x 1 , ...,x n ), 
where m-i £ Z + , u G Ox, tt(0,..., 0, x p +i, ...,x n ) ^ 0. 

In the case when the germ 77 is monomial one has 


77 <0 0 ^ 77 = 0 or arg{u{ 0)) - £ (^, ^). 

3 

Definition 6. We say that the finite set $ C Ox(*D)\Ox is good, if it consists 
of one element or for every pair <73,7/7 £ $ their difference <p — if) is monomial. 

Let us be given a good finite set $ C Ox(*D) \ Ox , for every pair ip ^ if 
one has ip — ip = xf mi ...xf m ‘u(x). Let us give a definition 

Definition 7 . A Stokes hypersurface is a set 

St(p,ip) = {(9i,...,6i) £ ( S 1 ) 1 : 77i jOj — argu(0) = ±—mod 27t}. (19) 

3 

In the ramified case the definitions are the same but one takes coordinates 
t-i = xf' instead of a;*. 

4.5 The Levelett-Turittin decomposition 

As above we suggest that x £ D 1,..., Di, x £ A+i, •••, D p . 

Firstly suggest that we are in the unramified case. 

Let / C { 1 , be a set of indices, introduce a notation 

D(I) := J 2 *iA, D(I C ) := hD u D(I°) := D(I) \ D(I C ). 

iel i£I 

Take ip £ 0 x(*D) \ Ox- Choose it’s representative over a sufficiently small 
open subset U. Denote as ipj a restriction of <p onto U \ D(I C ). Thus 1 pj £ 
Ou(*D)\Ou{*D(I c )) 

Denote as $/ an image of $. 
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Definition 8. We say that M has an unramified good formal decomposition , if 
there exists a good subset $ cOx(*B)\Ox, such that for every / C {1, ...,p} 
in a neighborhood U of a points x one has a decomposition 


®unD(io) M \unD(i°)^ ( EVI 0C W( 7 O) RV>I ) lc/nr>(/o), (20) 

where ^ a completion of 0 u alogn U C\D(I°) (i.e. formal power series 

in variables xi+ 1 , x p , whose coefficients are holomorphic functions depending 
on xi, ...,xi). 

Consider now a ramified case. 

Definition 9. We say that M has a good formal decomposition , if there ex¬ 
ists a mapping pd ■ Xd —► X, such that p\M has an unramified good formal 
decomposition. 

Explicitly this definition means the following. Instead of claiming an exis¬ 
tence of the isomorphism (HD) , we claim the existence of d = (d±, ...,d p ), such 
that 

®u d nD{iS) ®°u d \D(i°) Pd M \u d r\D(i 0 )— ( EVI ®°t/\D(/ 0 ) RVI ) \u d nD(i°), 

Vl£®d,I 

( 21 ) 

where &d,i is obtained by restriction of a good subset $d C 3d, Ud is an open 
subset in X d that contains p^ 1 (x). The sections can be considered as 

formal power series in variables x^+f ,..., x p v 1 whose coefficients are holomorphic 
functions of x dl ,...,xf l . 

4.6 The Riemann-Hilbert functor 

Let us be given a D-module of sections of a bundle with a connection with a 
singular divisor D. Put 


( 22 ) 

That is the sheaf M is restricted to a subspace X* = X \ D, where it is 
nonsingular, then one takes a sheaf of it’s flat sections 3i°DR(M |x*), then 
one applies the functor i~ 1 j* and one gets a sheaf on dX, which is described as 
follows. Take an open subset U C dX such that U = dX (~l U , where 17 - is a 
sufficiently small subset in X. Then a section s of the sheaf £ over U is a section 
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s of the sheaf K°DR(M \x *) over U. The section s and w are equivalent if and 
only if S' and w coincide in a neighbourhood of dX. 


Also let us define (see notations in Section mi) 


M™E t d := M“ 1 (r 1 (A mod ® w -i 0x u^M)), DR] 


tmodD 

' 3 et 


(M) ■= M™E t d <g> n-’Z od . 

(23) 


Now let us define a 3-filtration 


L< := !K°DR: 


*mocLD 

'3 ei 


(M), 


(24) 


Definition 10. Define a Riemann-Hilber functor 


RH(M) := (£,£<). 


Suggest that M has a good formal decomposition. Let x £ 
x (j Di + i 1 D p . Consider a circle that intersects every Stokes liypersurface. 
Consider Stokes intervals which are maximal intervals 0 that contain not greater 
that one intersection with every hypersurface St(ip, ip) for every ip ^ ip £ $. 

Then for a; in a neighborhood of this section and an arbitrary section ip(x) 
of 3 over this point one gas 



(25) 




where gr^^L are some local systems. 

Hence a sheaf £< is defined over {D\ D ... D D{) \ {Di + 1 U ... U D p ) by a 
collection of hypersurfaces and Stokes matrices that connect two expansions 


^ l<K*) 


(26) 




on an intersection of neighborhoods of Stokes intervals. 

Mention that a sheaf on 3 et defined by the formula C5l) automatically is a 
pre-Stokes filtration. 

4.7 A relation to isomonodromic deformation 

Integrable pfaffian systems in several variables are closely related to isomon¬ 
odromic deformations of equations in one variable (for example of the equation 
obtained by fixation of all variables except one). This pfaffian system is called 
an integrable deformation of an ordinary equation. In the case when this multi¬ 
dimensional system is regular, the integrability is equivalent to isomonodromy. 

In the case considered in the present paper an ordinary equation has irregular 
singularities. There exist several approaches to the definition of what is an 
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isomonodromic deformation of an equation with an irregular singularity. In m 
for example an isomonodromic deformation is a pfaffian system such that when 
one changes the positions of singularities 

1. a Jordan type of the normal form of the coefficient at the singularity in the 
expansion of the matrix of the connection into a Loran series is constant 

2. the Stokes lines and sectors at new positions of singularities are obtained 
by parallel transport form the Stokes lines and sectors of the initial position 
of singularity. 

In P3J it is shown, what happens if one omits the second claim. Then at 
almost all positions of singularities an integrable deformation still is isomon¬ 
odromic (i.e. the second claim takes place). The existence of a good formal 
decomposition provides that the second claim holds in all points. 

5 Generalized hypergeometric series F PiQ 

A generalized hypergeometric series in one variable is defined by formula (see 


shi, m , m) 



(27) 


where (a) n = a(a + l)...(a + n — 1) for n > 0 and (a)o = 1. 

This series does not converge for all p , q. More precise this series converges 
for all x when p < q, converges for \x\ < 1 when p = q+ 1, diverges for p > q+ 1 
when x ^ 0 and the members of the series do not vanish. 

Below we suggest that the differences at — aj , a, — bj are not integers. 

5.1 An ordinary differential equation 

Let p < q, put 

a = q-p. 

Consider an ordinary differential equation 



This equation in the case p < q has two singular points: a regular point 0 
and an irregular point oo (in the case p = q the singularities are the same but 
they are both regular). A base in the solution space can be described as follows. 
For m < q, n < p introduce a G-function 
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G™’ n (x;a 1 ,...,a p ,b 1 ,...,b q ) 


j_ /• n7=i r (^-«)n" =1 r(i-a 3 -+ a ) , 

Jl UUm+l r (! - bj + S) n^=n+l r(Oj- - s) X 

(29) 


where the contour L can be chosen for example as follows (there are other 
natural choices): it begins and ends in — oo, encompasses all poles of functions 
r(l - a k + s) in positive direction, does not encompass the poles of functions 
r(6j — s ). The resulting function can be continued until a multivalued analytic 
function in C \ {0}. 

For the functions G l p ’q one has the following expansion in variable x: 


G ™ (x; ai> bl ’ bq) YIU r(i + h - b 0 )' ( 30) 

• x bl F Ptq _ i(l + bi - ai,1 + bi - a p , 1 + &i - b 2 ,1 + h - b q , -x). 

The base of solutions of (l28l) in a neighborhood of 0 is formed by functions 

; ***) dpi , • • •, bh ,...,6g), h 1,(31) 
where the parameters p, v and a, b are related as follows 


a i = 1 - ft. j = 1.-,P 

bj = 1 - i/j, j = 1, 

There exists another base in the space of solutions. 


(32) 


a h, dll o/t, a p , bh ..., &,), h = 1, ..,p 


e " l Gl’°(xe 2hm -,a 1 ,...,a p ,b 1 ,...,b q ), 


p,q 

2ih\7v 


(33) 


J 'p,q\' JU '-' j ^15 •••» '-•'p? l/ lj •••5 u qji 

where A is defined in (l47l) and in the second formula h £ I a and 


la = {1 - |} if is even, I a = ,..., ^—} if cr is odd . (34) 

Their asymptotic expansion is derived from the following result. In the sector 

\argx\ < tt(^ + 1) (35) 

one has an asymptotic expansion for x —> oo 

™,i„ .. ^ .. p \ x“'“- 1 r(l + b q ~a h ) 

^- T p,q\P C '> O'!-) •••? •••? %?:> ^1 ? •••? Vq) ^ r ,/ 1 \ 

-L V J- i CLh) 

Fq^p— l(l + 61 dhi •••? 1 H - bq 1 “1“ •••? 1 H - &p ) 


(36) 


ds, 
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In the sector 


\argx\ < n(a + e), 


(37) 


where e = \ in the case a = 1 and £ = 1 in the case a > 1, one has an 
expansion 


^ 1 ’ ••’5 ^ 1 ? •”5 ^<?) 


(27T) i 




(38) 


where M is a Taylor expansion in one variable and a number A is defined in 
63 in the next Section. 

Thus the set of exponential factors for the equation (1551) is the following 


4> = {0, —a(e 2hvi x)°, where h G I a }. (39) 


5.2 The Stokes phenomenon and the monodromy for the 
equation (j25|) 

The Stokes phenomenon and the monodromy for the equation (1281) are described 
in [6]. Let us give this description. 

5.2.1 The formal monodromy at oo 

A matrix M of formal monodromy at oo in the base (1551) is the following 
1. If cr = 1, then M = diag{e~' 2 ^^, e ~ 2i7r ^, e 2inX ). 


> 2, then M is block-diagonal, M 

e 

■ 

II 

R), where 




/0 

0 . 

. 0 

1\ 



1 

0 . 

. 0 

0 

A = diag(e ~ 2infil ,..., e -2 ™'^), 

R = 

0 

1 . 

. 0 

0 



\0 

0 . 

. 1 

0/ 


5.2.2 The Stokes phenomenon 

From the formulas (1551) . (1551) one obtains that oo is a ramified irregular singu¬ 
larity for (gHD - To remove the ramification one must change the independent 
variable 


t = x* 


(40) 


Following in we give a description of the Stokes phenomenon in variable x. 
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The Stokes lines of (1281) are the following. One series of Stokes lines is 
obtained if one takes 0 and one of the exponential factors —a(e 2h7rl x)i, these 
Stokes lines are defined by formula 

2/l7T 7T 

{argt = -— + nir, h £ I G , n £ Z}. (41) 

cr 2 

Also in the case a > 2 one has a series of Stokes lines corresponding to a 
pair of exponential factors —a(e 2h7rl x)° for different h , these Stokes lines are 
defined by formula 

{argt = ^' 2 ) 7r + hi,h ,2 £ la, hi ^ h 2 , n £ Z}. (42) 

a 

The Stokes sectors are defined by formulas 


1. If a = 1, 2, then the sectors are 


6„ = {x : 


7T 

2 


l)7r < argx < — + 7rn}, n = 0,1, 2. 


(43) 


2. If a > 3 is odd then the sectors are 


0 n — : 


7T 

2 


(n — l)7r 7r nn, 

-—— < argx < - + n = 0,4cr 


(44) 


3. If a > 4 is even then the sectors are 


^ r 7r in— 1)7T 7T 7m. „ „ , 

0„ = {a; : -- + ^— < argx < - + —}, n = 0,2cr. (45) 


The Stokes matrix corresponding to an intersection of 0„ and 0 n +i is de¬ 
noted as S n . Let S„, E n +i be solutions of E51) that have an expansion (1M1) . 
(IM1) . Then for 0„ D 0 ra +i 


E n = E n+1 5„. (46) 

Since a ramification takes place relations between Stokes matrices S n take 
place. 

For cr = 2 

5i = M~ 1 SoM, 

for cr > 3 let m and r be a quotient and a residue of division of n by 4 in 
the case of odd a and of division by 2 in the case of even a 

S n = M~ m S r M m . 

Instead of S n we sometimes write 

1. S nn \ 2a in the case of odd cr > 3, 
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2. S n7r \ a in the case of even a > 4, 

3. S nn in the case a = 1 , 2. 

Thus we have the following independent Stokes matrices 

1. in the case cr = 1: So, S„. 

2. in the case a = 2: Sq. 

3. in the case (7 3. So, S n \^2m ^7r\<T5 ^37r\2(7* 

4. in the case a > 4: Sq, S n \ a . 

Below we use notation 


A = + !) + ^ "i* 


A h ■= -Tl( 


i=1 

d h 


2=1 

™„227r^j 


dx h nr=i(i- xe 2 ™^) 

„2mX d k ,UUl^-^ V ' 


|a:=0i 


_„^7TIA " f J , _ 

e j„h, VrrP l®=0j 


dx h nf=i(l ~ xe 2l ' KfJ -ty 


C = e ~ 


5.2.3 The Stokes matrices for a = 1 

The Stokes matrices are the following 


9 -i 


Sq = I + "^2 2*tt 


nf=i r (! + Atfc — Atp) 

fe=1 nu r ( x +vk - vy) 

9-1 


E, 


q,k-> 


S„= I +J2 2ine i < x+ ^ U h 1 ’ i t kT{fk ^ E, 


k =1 


n? =1 r(^ - Mfc )) 


k,q 


5.2.4 The Stokes matrices for a = 2 

The Stokes matrices are the following 


o _ r i * p , s^a- 2^=1,*#?= m*:) p 

<$0 — I + AiE q -l, q + } \VK —^-—— E k , q - 


k =1 


9-2 

fc=l 


,.„ IlLi r ( 1 +/ i fc-/ i 0 
n?=i r (!+Mfc - ^*) 


n?=i r ( i/ i -Mfc) 

Bq^k 


(47) 
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5.2.5 The case a = 0 mod 4, a > 4 


S 0 = I + J2( 27r ) 


k=1 


j. nr=i,i^fc ^(m* Mfc) j-, 

4 Yiunvi-»k) k ’ q 


p 

E 

fc=i 


27T 


nf=i r (! + Mfc - 771 , 

nLi r (i+Mfc-^) ct/w+ 


cr/4 a / 4—1 

+ 53 /^ 2 Afe ^-2fc-£'3<7/4+p—fc,3o-/4+p+fc + 53 6 2j7rA C 2Afe -S2fc-Ecr/4+p+fc,(T/4+p-fc) 

fc=0 fc=l 

a/4 

Sir/a = I + C A ^ 2/C 1 ' ) ^2fc-l-E'3o-/4+p-fc,3o-/4+p+fc-l + 
fc=l 

a / 4—1 

+ 53 e 2i7rA £ A ( 2fe 1 ^i?2fc-l-E'<T/4+p+fe-l,o'/4+p-fe + e lA7r -Scr/2-l-E'(T/2+p-l,g- 
fc=l 


5.2.6 The case cr = 2 mod 4 


c _ r 1 v^fp-w-o a^) y- ^ nti r ( i +~ F , 

0 " s n?=i r(^ - M ^ ^ - "0 CT/2+M 

(cr+2)/4 

+ E A(2fe 1 ^2fc-l-E3((T+2)/4+p-fc,3((7-2)/4+p+fc+l + 

fc=l 

( ct -2)/4 

+ 53 e 2OTA C A(2fe 1 ^2fc-l£ , (cr-2)/4+p+fe-l,((7+2)/4+p-fc; 

A—.1 

(cr—2)/4 

£ 77/(7 = I + 55 C 2Afe ^2fc-£'3(<7-2)/4+p-/s,3((7-2)/4+p+fc+l + 

fc=l 

(<7-2)/4-l 

1 —i'jr\/—\ td TTi _i_ \ ^ — 2in\/-2\k o 77 

+ e S ^a/2-l^a/2+p-l,q + e > -t>2fc-^(o—2)/4+p+fe-l,(<r-2)/4+p-fc • 

fc=l 


5.2.7 The case of odd cr 


o 7 . v-o, T nLir(i + Mfc-w)) 

^ nura+w-^)) 


E, 


(p+9+l)/2,fcj 


fc=l 


9, -7 1 Vfg a )^ r ^(+x+( A M) n^i+/fc r (^ Mfc) 

2 -) e nLiTK-w) jBfc ^ 


fc=i 


5.2.8 The case cr = 1 mod 4 

(<r-l)/4 

S v /2a = I + 53/ £ 2Afc ^2fc-E(3(<7-l)/4+p -fc+l,3(<7-l)/4+p+fc+l + 

fc=l 

(a-l)/4 

i \ ^ — 2ni\/-\(2k —1) o 77' 

+ e > i>2fc-lC((cr—l)/4+p+fc,((7-l)/4+p-fc+l j 

fc=l 
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(a-l)/4 

^3tt/2(t = I + C A ^ 2?L ' 2fc-l-E'3(<7--l)/4+p-fc+l,3(<7-l)/4+p+fc + 

fe=l 

(<x-l)/4-l 

, \ ^ — 2iTvX/-2Xk p p _i_ a —iXir/—X/2 p p 

+ e S ^2fe^(<T-l)/4+p+fe,((T-l)/4+p-fc + e S ^{a-l)/2-^(a- 

k= 1 

5.2.9 The case er = 3 mod 4 

(ct+1)/4 

/2a = I + ^ C A ^ A ' 1 ^2fe-l£ , 3(cr+l)/4+p-fe,3((T+l)/4+p+fe-l + 

fe=l 

(cr+l)/4-l 

, \ ^ — 2niX/-2Xk p p. 

i / ^ ^ -^2/e-^ / (cr+l)/4+p+fe,(cr+l)/4+p—/c i 

k= 1 

(<r+l)/4-l 

*S'37r/2cr = C 2Afc ^2fe^3(o-+l)/4+p-fc-l,3(o-+l)/4+p+fc-l + 

fc=l 

(ct+1)/4-1 

+ e - J7rA £ A ( 2fe 1 '_B2fc-i£ , ( (T +i)/4+p+fc-i,(o-+i)/4+p-/c + e * A7r C A ^ 2 -B(<t- 

fc= 1 

6 The Gelfand-Kapranov-Zelevinsky system 

The Gelfand-Kapranov-Zelevinsky system (the GKZ system, see [15], [16]) is 
defined as follows. Let B C Z" be a lattice. Then a GKZ system associated 
with B is a system of partial differential equations 


N 


^aiXi—y - j3y = 0, a = (a lt ... ,a n ) S annL 


^ c y = ^ c 'y ° c - c ' GB ’ 

OXi OXi 


(48) 


where L is a subspace spanned by U, and /3 is presented as < 7 , a > for some 
7 <E C". 

To a system of PDE there corresponds a D-module (see [33]). In our case 
this module is holonomic (see [22]) and regular if and only is (1,..., 1) J_ B. The 
holonomicity implies that this D-module on a dense open subset is a CD-module 
of sections of a bundle with a connection. Thus one can apply to this system 
the theory above. 

In the present paper we consider a special case of a GKZ system. Let n = 
p + q + 1 and let e* = (0,..., 1»,..., 0) denote a standard base vector in C™. Define 
the lattice B 


B — Z(—(ei + ... + e p ) + (e p +i + ... + e p -j_ 9 +i)), 


l)/2 +p,q- 


1)/2-E'(ct+1)/2+p,(J- 
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Without less of generality we suggest that p < q + 1. Choose a base in annL 


0-12 — ( 1 ? 1 ,Op, Op+i, 0 ), 

ai, P = (1? 0? •••5 Ip? Op+i? •••? 0)? 

a i,p+i = (1? 0,Op, lp+i, •••, 0), 

a l,p+q+l = (1? 0, Op, Op+i, ..., 1). 


Then (gSJ) turns into 


dy dy 

Ha-^ 2 -^- P 1 , 22 / = 0 , 

(7Xi <7X2 


^ 2 / 

<9y dy n 

Ha-1- Zp+1 ^-Pl,p+iy = 0, 

(7Xi OXp -|-i 


(49) 


a ~b Kp+q+l a ^l,p+g+l 2 / 0 ) 

OX\ OXp+q+i 

d p y _ m +1 y 

dx\...dxp dxp-\-\.. .dxp-^-q-^-i 

Also let 7 = (—ai,..., — a p , 61 — 1,—1,0). Then the parameters /3i ; j have 
the following presentation = ((—ai) — (—02)),..., /3i p = ((—ai) — (—a p )), 
/ 3 i, P +i = ((—01) + (61 — I)),---A,p+g+l = ((— ai) + (b q — 1)). 

The system is regular if and only if p = q + 1 . We suggest below that 

p < q + 1. 


7 The singular divisor 

The characteristic variety of the system is a submanifold in T*X, defined 
by equations 

£l£l = 302^2-1 = Xjp^p , 

Xl£,l = “"^p+lCp+l) •••) x l^l = x p+q+l^,p+q+li . 

(50) 

£i-£p = 0 if p > q + 1, £p+i-£p+g+i = 0 if q + 1 > p, 

£i-£p = £p+i---£p+g+i if P = Q T 1 
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Remove from this submanifold a zero section onto coordinates x p + q + 1 . 

In the case p < q + 1 one obtains a manifold defined be equations 

x\...x p = 0. (51) 

In the case p = 9 + 1, that is in the regular case one obtains a manifold 
defined be equations 


Xl-..Xp Xp-^-l .. .Xp-^.q-^-1 — 0. (52) 

8 The space X for the system (IDI) 

Following the Section 14.21 let us give a description of the space A' for the con¬ 
sidered GKZ system. We consider only the case p < q + 1. Then the singular 

divisor D is 

D = D\ + ... + Dp , Di = {xi = 0}. 

Introduce on C p+q+1 bundles L{D\) ~ L{O}®C®... 0 C, where +{0} is a lin¬ 
ear bundle C associated with the divisor {0}. Also construct analogous bundles 

L(D 2 ),...,L(D p ). 

For the stalks one has an isomorphism 

5 1 (A{O}0C0...§C) (xi> ... > , p+5+i) ~ (53) 

Thus, one has 

L := S 1 (L(Di) 0 ... 0 L(D p )) {xi _ Xp+q+l) = 5T{0} Xl © ... 0 5T{0}^. (54) 

On the set X* = X \ D there is a mapping X* —> L that sends x to 
(++,..., jy^j) = (argx i,..., argx p ). The closure of L of an image of this mapping 
is A. 

Thus a subset of X that is mapped to D ^ 0 ... fl D ik \ (U^ Di) = {x.q = 
... = Xi k = 0, Xi, ..., Xq, ■■■Xi k , x p y 0} is homeomorphic to S 1 x . . . x S 1 i . 

p times 

9 Solutions of the system (ID1) 

To describe the Stokes phenomenon we need an explicit description of the space 
of solutions of the GKZ system, let us give it. 
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9.1 T-series 


The right parts 0\ t i in the system (H^l) can be represented as ( 01 ^, 7 ), where 
7 = (-ai,- a p , bi - 1 , b q - 1 , 0 ). 

There exists a base in the space of solution of the system whose elements 
are written as T-series. 

Definition 11. A T-series associated with a lattice B and a vector 7 is defined 
by the formula 

fB(7,*) = E r (7 x +I+ir (55) 

beB w ' 

where x^ +b := xj 1+bl ...x™ +bw n r( 7 + b + 1 ) := P( 7 i + 61 + l)...T( 7Ar + b N + 1 ) 

A space of formal solutions of the system (1491) is generated by series Fb ( 7 1 , x), . 
where 7 * +i G Z and ( 7 % a\j) = fiij, j = 1, ~.,p + q + 1. The only relations be¬ 
tween these series are 


Fb{j + b,x) = F B ( 7 ,a:), beB. 

The equations ( 7 ’, ai,j) = 0i , 3 are written explicitly as follows 


7i “ 72 = (~«i) - (- 02 ), 


7i “7 p = (~ a i) - (-a P ), 

7i + 7p+i = (-ai) + (bi - 1), 

7i + 7p+«j+i = (—01) + ( bq +1 — !)■ 
Put 7 p +i = 0, then one has 


71 = (-ai) + {bi - 1), 

72 = (— 02 ) + {bi - 1), 

7 p = ( %>) "T {bi 1), 

7p+i = ~{bi - 1 ) + {bi - 1 ), 

7p+g+i = — {bi — 1 ) + {bq+i — 1 ). 


;F B { A 9 ,*), 
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Take as base solutions the series for which 7 l p+i = 0 explicitly the vectors 7 
are written as follows 


7 i = ((-ai) + ( bi - 1),(-Op) + (bi 

i = 1 1 . 


l)i^l Op+i, bq+l bi), 

(56) 


The considered T-series ar related with the hypergeometric series of one 
argument F PtQ by the equality 


Fb ( 5 •**) dp, b\ 1 , bq 1 ) 0 , X 1 , ) — 


1 


r(i-oi)...r(i-op)r(6 1 )...r(6,)‘ 


-ai -a„ 61 — 1 bq — 1 

p np P rp ■ L rp ’ 

b 1 *^p+l •••‘*'p+q 


F p , q (ai,..., a p ] bi, b q ; x p+ 1 '" x p+i+ 1 )_ 

X\...X p 


From this relation one sees that T-series converges for x\, ...,x p 7 ^ 0. Thus 
we have a description not of the space of formal solutions but of the space of 
analytic solutions of HMD- 

Using these relation the solutions of (Hill) can be written as follows 


Fb^i, X\, ..., Xp-i-q+x) — 

— b'n {bi d± 1 , ■■ •, bi (Ip 1, ^1 bi, 0i, , 5q-j-l bi, X±, ..., X p -\- q -\-i ) — 


bi—a i~l ^bi—ap — l bi—bi 


r {bi - ai)...T{bi - a p )T( 6 i - bi + l)...r(6 g+ i - 6j + 1) 


...x, 


x p+ 1 


Fp,q{o,\ — bi + 1 , a p — bi + 1 , b\ — bi + 1 , 65+1 — bi + 1 ; —— - P+g+ ) • 

X\...X p 


(57) 


10 An isomorphism between the spaces of solu¬ 
tion of the equation (EM) and of the system 

m 

Using (1501) . the solutions (1571) can be written as follows 


i'. k 
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nS^r (l + H-i-K)) 


YIU r(i + (-bi) - (—Oj))n p =1 r + - 0j ) r((-&o + b 3 + 1 ) 


P 9+1 

bi - aj-1 J’j’ ^bj-fei/ ^p+l-'-^p+g+l N b,- 

i=l 


+ ■' ' I I (' 


X\...x p 


n 

j=i 

■ G^ +1 (-«i,.... -op, -6i, -6i, =+,.... -6,+i, _^±i^±9±i) = (58) 

X\...X p 


P 9+1 

—a 7 — 1 T f bj 


n+, r (i + (-60 - (—Oj)) n+, r( 5 i - a>j) 

+>>9+1 ( a l! •'•> a P> ^i, ^1) ■•■5 bi, ..., 5q+1> 

Thus we have proved the following 
Theorem 5. There exists an isomorphism 

1 


IK 1 '" 1 IT 


'j+P 


i=i 


*£p+l ••• 3 ' p -\- q-\-1 


Xi-.-X. 


P 


/(*) 


P 9+1 

—a,- —1 1 f „b-j i*/ ^p+1 •••3'p+g+l - 


IK "' -1 IHVH 


nj-irii + f-w-t-ojons-trft-oj)^ ' j=1 




V 


(59) 

t/ie maps the analytic solutions of the equation (1281) to the solutions of the 
system (Si). 

11 The Riemann-Hilbert functor 

To describe the Stokes phenomenon it is more useful to use not the base Fr (7, , x), 
but a base corresponding to (1551) under the isomorphism (1551) . It consists of 
functions with the following asymptotics. 

Define a sector and integers k,g using formulas (??) in which we substitute 

j , _ x p+l ••• x p + q+l 
X\...X p 

Then using the correspondence (1551) we get that there exist a base in the 
space of solutions of the GKZ system that has the following asymptotic in the 
sector described above. 

At first there are function for h = 1, ...,p that have the asymptotic 


1 p 9+1 

n p =1 r (i + (-bi)- { , Tibi aj) n ai \n^P 

^ c i7r a 'P+l---‘ Z 'P+9+l ^a fc -l ^(1 h q — Qh) 

X\...X P r(l + a p -a h ) 

^q-\-x,p— i(l T b\ u/j ,..., 1 T bq-\- 1 u/j, 1 T a± d/i,1 -f - a p ah, e 


% p-\-1 • • • *^p+ 9+1 
(60) 
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Secondly the are functions for h £ I a that have asymptotic 


9+1 


iK aii n 


6l (2 nY 


nu r ( x + ^ - (-«*)) n;=i - aj ) 


'i+p 


(7 2 

1 


X\...X 


V 




p 


(-e 


2h7vi Xp+l---Xp+q+ 
Xi ...Xp 


ni )’ 

( 61 ) 


where M is a Taylor series of the argument written in the formula. 


11.1 The set of exponential factors 

Although it is hard to write the Leveltt-Turittin decomposition for the GKZ 
system, using formulas m, <ED one can easily write the set of exponential 
factors in this decomposition. 

More precise the formulas (1601) . (RJTT) give the following set of exponential 
factors 

$ = {0, (— a){- e ^i x P+ 1 - x P+i+ 1 ^ where h e Ia y ( 62 ) 

X\...X p 

Using the isomorphism (f59l) one obtains the following. If 

$ = {<lpi(x)} 

is a set of exponential factors of the equation C51) , the set of exponential factors 
of the system (117)1) is given by 

<S> = {<l> i (- Xp+1 - Xp+q+1 )}. 

X\ ...x p 

In particular the system (HUl) has a good formal decomposition along a sin¬ 
gular divisor. 


11.2 The sheaf £ 

Let us give a description of the solution sheaf L. This a locally trivial vector 
bundle on X* of rank q+ 1. The monodromy operator corresponding to a bypass 
along Xi = 0 for i = 1, ...,p equals to where is a monodromy of the 
equation (1281) . which is expressed through the formal monodormy M described 
in 15. 2. H and Stokes matrices as follows (see pTD]): 

M oo =M...S 1 S 0 . 


11.3 The sheaf £< 

Define a sheaf £< on the space 3 et ■ Let x £ D ^ D ... D Di n where £ 

{1, ...,p}, ho npn 3tom x (j Di U ...Djj U ... U D v U ... U D p . Without less of 
generality we suggest that x £ (D i fl... fl D{) \ (Di + 1 U ... U D p ) 
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11.3.1 Stokes hypersurfaces and hypersectors 

Since the set of exponential factors is given by (15^1) we have Stokes hypersurfaces 
or type 


St( 0, — a ^— e 2h ' Ki Xp+1 '" Xp+q+1 )g) ] 

X\ ...Xp 

and for a > 1 also Stokes hypersurfaces of type 


(63) 


St( j( C 2hl ■*i X P+ 1 --- X P+1+ 1 c 2h 2 -Ki X P+l--- X P+q+l 


(64) 


X\...Xp X\...Xp 

On an intersection (Din...nH;)\(H;+iU...U-D p ) for the Stokes hypersurfaces 
of type (jnni) we get it(0, ...,0,ar p+ i, ...,x p+q+1 ) = - a(-e 2hm () i , and 
the hypersurface is defined by formula (see the formula (1411) 1 


7 r 2 h argxi+i 

a a a 

7 r 27m „ 

= ±-—I- n e Z 

2a a 


argxp argx p +\ 


argx p+q+1 6i + 9/_ 
a a a 


In the case a > 1 for the hypersurfaces of type (Ifrlll we have u( 0, ...0, xi + 1 ,..., x p+q+ \) 
—a(—e 2him + e 2h2nl )i ( XpJ ^ 1 [+1 Xp ^ q+1 ) ^, and the hypersurface itself is defined by 
the equality (see the formula (1421) ) 


7T (hi + h 2 )7T 

(7 


(7 

7T 27m 


argxi+i 

a 


argx p cirgXp+i 


argx p -\-q-\-i hi 

(7 (7 




= ± 2 ^ + 


n £ Z 


Thus for fixed x;+i,..., a;p+ g +i, 0 2 , ...,0i on the circle 


S 1 x {0 2 } x ... x {0i} c uj 1 (0,0, x i+ i,..., x p+q+ i) C dX (65) 


with a coordinate 9i we have Stokes directions obtained from Stokes directions 
of the equations C51) by rotating by the angle 

7 T _ argxi +1 _ _ argx p + argx p+1 + + argx p+q+1 + (h + + 0j_ 

a a a a a a a' 

when one changes coordinates xi+i, ...,Xp+ q +i,0 2 , ...,0i on the torus S 1 x 
... x S 1 = w - 1 (0,..., 0, ti+i, ..., tp+ q +i) these directions cover the Stokes hyper¬ 
surfaces. 

An analogous construction can be applied to the Stokes sectors of the equa¬ 
tion (12811 . On the circle (lf)5l) one has Stokes sectors that are obtained from the 
Stokes sectors of the equation by rotating by the angle (1M1) . If one changes the 
coordinates xi+ 1 ,..., x p + q +i, 0 2 , these Stokes sectors are rotating and they 
cover the set which we call the Stokes hypersector. 
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11.3.2 The local system grZ^ 

Introduce a local system y gr^Z on the space 3 et of dimension p, and the systems 
gr e M.. 'i.+ 1 -’i.+i+i '^. h e -f<7, of dimension 1. 

a \ e x ± ...Xp ) a 

Definition 12. A sheaf gr^Z is an inverse image under the action of p on dX 
of a sheaf formed by solutions of the system (1751) . that have power-like growth 
along (Di (~l... (~1 Di) \ (A+i U ... U D p ). 

Definition 13. A sheaf gr , h ^.. x p+ 1 ...x v+q+l ^iZ is an inverse image under 

6 Xl . ..Xp ' ° 

the action of p on the space dX of a sheaf formed by solutions of the system 

_ 2 ^7Ti x p + \- - x p + q + l 

that grow as e 1 a ’ 1 - x r near (Din...nD;)\(D; + iU...UD p ). 

11.3.3 The gluing of Z< over an intersection of Stokes hypersectors 

In Section 14.61 it is stated that if there exist a good formal decomposition if 
one restricts Z< onto an inverse image in 3 et of a Stokes hypersector under the 
action of p _1 one gets a decomposition 

9 r il){x)^ J Iv(x) • (6^) 

In inverse images of different hypersectors these decompositions are different. 
To define the sheaf £< one has to explain how to glue the decompositions 
(1571) in an intersection of two inverse images of two Stokes hypersectors. Due 
to the existence of an isomorphism (l59ll we have the following. An intersection 
of two Stokes hypersectors for the system (1751) corresponds to an intersection of 
two Stokes sectors for the equation (1281) . Then two decompositions (1571) in an 
intersection of two inverse images of two Stokes hypersectors are related by a 
corresponding Stokes matrix of the equation (1751) . 
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